Next uniqueness of expectations of certain type will be considered. The main result of this section is : Theorem 5. Assume that (1) NC<=N, (2) N is finite, (3) M is semifinite.
Then there exists at most one normal expectation </> of M on N.
Preliminaries.
Definition. Let ^ be a map of M into N which preserves the identity. Assume that </> is a positive linear map and that </>iAX) = A</>iX) for all A in N and X in M. <j> will then be called an expectation of M in N.
It is trivial to see that </> is onto N and that <f> is a bounded map. The motion of expectations in von Neumann algebras was studied in [2] , [7] , and [9] . Definition. Let </> be an expectation of M on N, </> is called normal if <¿(Sup Aa) = Sup </>iAa) for any increasing net of uniformly bounded selfadjoint operators.
</> is called faithful if, given a positive operator A such that </>iA) = Q, then A=0. Let </>a be a set of expectations of M onto N. The set </>a is called complete if given a positive operator A such that </>aiA) = 0 then A = 0.
Definition. Let G be a subgroup of t/(A/). By a Schwartz map relative to (G, M) one means a linear map of M into itself such that
(1) PiX)=UPiX)U~1 for all £ in G and all JTin M, ( 2) PiX) is in CG [Jf] where CG[X] denotes the weak closure of the convex hull generated by elements of the type UXU~1 as U ranges over G.
For more information on Schwartz maps see [6] . SiG, M) will denote all Schwartz maps relative to (G, M) which are G-stable,
i.e. PiX)=PiVXV~1) for all V in G. SiG, M) will be called sufficient if for any positive operator Jfin M such that£(^T) = 0 for all £ in SiG, M) then X=0. Definition. A group G is said to be amenable as a discrete group if there exists a finitely additive probability measure p. on the field of all subsets of G such that /L¿(x£) = /x(£). For more information on amenable groups see [4] and [5] . Proof. Let F be a unitary of A^. Let $a be a complete set of (/-stable expectations, then <PaiUVU-1V-1) = cf,aiVU'1V-1U)=V<paiU-1V-1U). This by stability. Also V<f>aiV-v)=VV-1 = I. Let W=UVU~1V-i. Then </>a[iW-I)*iW-I)] = 0. By completeness W=I or UV= VU. So U is in A^0. Lemma 2. A normal UiN) stable expectation of M on Nc is faithful.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Proof. Let </> be the expectation. Let I={A/A e M, 4>(A*A)=0} clearly as </>[(XA)*(XA)]^\\X\\2ck(A*A)=0 and (A+B)*(A+B) = 2(A*A + B*B). I is a left ideal. Now to show that / is ultra-weakly closed. The ultra-weak closure of / coincides with its ultra-strong closure. Let Xa he a net in / converging ultra-strongly to X, then (Xa-X)*(Xa-X) converges ultra-weakly to 0. Hence <f>[(Xa-X)*(Xa-X)]
converges to 0 ultra-weakly (normality). As
it follows that ct>(Xa) converges to </>(X). X*Xa and XaX* have the same limit so </>(X*X) = 0. Hence / is a left ultra-weakly closed ideal. So there exists a unique projection F in M such that I={T/TE=T}. UTU~l e I for all Ue U(N) by stability. So UEU~X = E. So EeNc. So E=</>(E)=0. So if c/>(X*X) = 0 then X=XE=0, so </> is faithful.
Now let G be a subgroup of U(M). Let N be the von Neumann algebra generated by G. Proof. Let F be the Schwartz map. As P(X) commutes with all unitaries of G, P(X) is in Nc. Now if A is in Nc, CG[A] reduces to the element A. So P(A) = A. So P2 = P. Nc is hence the range of F and P(I) = I. Now to show that |F|| < 1. Let T=H=1aiUxAUi-1 where ax>0 and 2 «¡ = 1-Then ||F|| < \\A\\. Because P(A) is in Ca[A] this means that there exists a net Ta of the same form as F such that Ta converges strongly to P(A). Let A' be a vector of norm one. ||ra.V|| converges to ||F(^)A-|| but ||FaAl<||,4||. So ||F(^)|| < ||,4||. By a result of J. Tomiyama [7] , this implies that F is an expectation.
Lemma 4. If G is amenable, S(G, M) is nonvoid.
Proof. Let A be a mean. Let £ and r¡ be 2 vectors. Considering U as the variable, \(U~1XU¡t, v) is a bounded hermitian form. By the Riez Lemma there exists an operator EA such that X(U~xXUf, r/) = (EA(X)e, v)-It was shown in [1] that FA is in S(G, M). 
Now <j> is in S(G, M). Indeed <f> is G-stable and if F is in S(G, M) then </>(P(X))=P(X) (as <f> is the identity on Nc).
By normality </>(P(X)) = </>(X). So F=<¿. Hence <f> is a normal, faithful, i/(/Vcc) stable expectation of M on Ac by Lemma 3.
The above theorem says that if there is a sufficient number of G-stable expectations of M on Nc, there is a faithful, normal one which in fact is more than G-stable it is U(NCC) stable.
Corollary
1. With the above hypothesis Ncc is finite.
Proof. By the above theorem S(U(NCC), M) is nonvoid. Let F be in S(U(NCC), M).
Let A be in Ncc, let C(A) be the norm closure of the convex hull KA of points of the form UAU'1 as U ranges over U(NCC). Consider C(A) n Z where Z is the center of Ncc. C(A) nZ is nonvoid [3] . By [3] it is sufficient to show that C(A) n Z reduces to one point. P is constant on KA hence on C(A). Let Fj and T2 be in C(A) n Z, then 7'1=F(F1)=F(F2) = F2, so Arcc is finite. In particular A is finite. Corollary 2. IF/7/i //ie above hypothesis Nc can not be purely infinite.
Proof. In [7] J. Tomiyama proved that if tt is an expectation from a semifinite algebra M onto a purely infinite subalgebra s/, then tt is always singular, i.e. tt is not normal. Since there exists a normal expectation from M on Nc, Nc is not purely infinite. Proof. In [7] it has been shown that if there exists an expectation from M of type I to a subalgebra of type II, that expectation is not normal. By the above corollary Nc has no part of type III and hence no part II or III are present, so Nc is of type I.
Let G be a subgroup of U(M). Let N he generated by G. 
Finally (4) always implies (3).
Proof. Assume (1), then there exists a faithful, normal finite trace A on N. Let riX) = X[<piX)]. Clearly r is faithful, normal and bounded. Let U be in G, then riUXU-1) = X<f>iUXU-1) = Xcf>iX) = riX). Normalizing r, (2) is established.
Assume (2) . By a classical Hilbert algebra argument one can show that there exists an expectation </> such that piAX) = piA<f>iX)) for all A in A' and all X in M.
</> will satisfy (1).
Assume now (2) together with the fact that SiG, M) is nonvoid. Let £ be in SiG, M), p is constant on CG[A]. Hence piA) = piPiA)). This shows that £ is faithful, normal and satisfies PiVAV'1)=£(/!), for all Fin £/(A). For example to check thatPiA)=PiVAV~1):
Let B be any element of Nc.
PÍBVAV-1) = piPiBVAV-1)) = piBPiVAV-1)), PÍBVAV-1) = piVBAV-1) = piBA) = piBPiA)). Choose B = iPiVAV~1)-PiA))*, by faithfulness of p, PiVAV~1) = PiA).
Assume now (3) . By countable decomposability there exists a faithful, normal state a of M (get a maximal set of orthogonal projections Pn of M where each £n is the projection on [M'xn], and let a = 2 rVXn (notation of [3] ). Let piX) = aipiX). p in the state of (2) .
Finally to show that (4) implies (3). By Theorem 2 there exists a faithful, normal expectation of M on Nc, call it Y such that Tr iXA) = Tr (^(X)A) for all A in Jt Nc. As above one shows that WiVXV~1) = x¥iX).
Corollary
5. If SiG, LQi)) is sufficient, N, the algebra generated by G, is atomic.
Proof. By Theorem 2 there exists a faithful, normal, expectation of Lih) on N'
which is £(A) stable. By Corollary 3, N' is of Type I, hence so is N [3] . Also N is finite by Corollary 1. Let Z be the center of N. Any projection of N dominates an abelian projection in N, call it £/0. If Q is a projection of N such that QúP, then Q=PC where C is a projection of Z. Since Z is atomic [3] , Q and hence £ dominates a minimal projection. So A' is atomic. Remarks. The following statements are trivial to see :
(1) If SiG, Lih)) is sufficient then there exists a normal expectation </> from £(n) to N' such that <j>iUXlJ-1) = <j>iX) for all U in G, this is part of Corollary 4. Let <Í>(P(X)) = <Í>(X). Also <&(P(X))=P(X), so <D=P. This shows that if <D exists, it is unique. Let A be any normal, finite trace on N. Then: \<f>(X) = Áxt'(X) = XxV1(X) = \fa(X). Since the A form a complete set fa=fa.
In conclusion consider the following problem. Let A be a von Neumann algebra. Suppose there exists sufficiently many expectations of M on N. Is N relatively semifinite? An answer to that problem was given when the expectations are of a certain type (Lemma 7).
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